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Abstract
This paper proposes a new approach to design pinion machine tool-settings for spiral bevel gears by controlling contact path and transmis-
sion errors. It is based on the satisfaction of contact condition of three given control points on the tooth surface. The three meshing points are 
controlled to be on a predesigned straight contact path that meets the pre-designed parabolic function of transmission errors. Designed separately, 
the magnitude of transmission errors and the orientation of the contact path are subjected to precise control. In addition, in order to meet the 
manufacturing requirements, we suggest to modify the values of blank offset, one of the pinion machine tool-settings, and redesign pinion ma-
chine tool-settings to ensure that the magnitude and the geometry of transmission errors should not be influenced apart from minor effects on the 
predesigned straight contact path. The proposed approach together with its ideas has been proven by a numerical example and the manufacturing 
practice of a pair of spiral bevel gears. 
Keywords: spiral bevel gear; contact path; transmission error; blank offset; tooth contact analysis 
1 Introduction1
Spiral bevel gears are among the key compo-
nents of aerospace power plants in general, helicop-
ter gear drives in particular, which regard the mesh-
ing performance, endurance and reliability as criti-
cal safety factors. Therefore, designing spiral bevel 
gears has all the time been drawing close attention 
of researchers in many companies and institutions. 
The requirements of reducing noise level and in-
creasing endurance of spiral bevel gears have raised 
a formidable challenge to designers too[1-17].
The bases for designing low-noise spiral bevel 
gears with localized bearing contacts were presented 
in Refs.[1-8]. In order to absorb larger errors in 
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alignment and have better stability, the contact path 
should be designed to be a straight line. As trans-
mission errors are mostly blamed for noise and vi-
bration in gearing systems, the transmission errors 
of parabolic type are considered to be able to absorb 
linear discontinuous effects caused by misalignment 
referred to as the main source of noise[3-5,7].
In some cases, the machine tool-settings de-
signed by way of the existing local synthetic method 
are well beyond the appropriate applicable range of 
the machine. 
In this paper, a new integrated approach is 
proposed on the base of meeting the contact condi-
tions inclusive of the predesigned parabolic function 
of transmission errors and the specifically oriented 
straight contact path through three given control 
points on the tooth surface. As a result, as early as in 
the designing stage, the operating performance 
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could be controlled. In addition, the values of blank 
offset can be so modified as to be within the appro-
priate range of the machine without any influence 
on the magnitude of transmission errors apart from 
there being minor effects on the predesigned linear 
contact path. 
The proposed approach is based on the follow-
ing assumptions: 
(1) The gear machine tool-settings are prede-
termined and can be adopted[1-2].
(2) The main input parameters are 2K  and 21m' .
Of them, 2K  determines the orientation angle of the 
predesigned straight contact path, and 21m'  the sec-
ond derivative of the transmission function, which 
determines the predesigned magnitude of the para-
bolic function of transmission error. In this paper, 
the values of 2K  and 21m'  are given in advance, but, 
in practices, they can be optimized depending on the 
applied loads to obtain the favorable meshing per-
formance through the loaded tooth contact analysis 
(LTCA). 
2 Active Tooth Surface Design by Three
 Given Meshing Points 
After the three control meshing points have 
been determined on the gear surface by the predes-
igned straight contact path and the parabolic func-
tion of transmission errors, the pinion machine tool- 
settings can be determined[14].
2.1 Determination of three contact points 
Fig.1 shows the three contact points on the 
gear tooth surface. 2*  is the pitch angle of the gear. 
The contact path is designed to be a straight line and 
2K  is the orientation of contact path.  
Fig.1  Three control meshing points and contact path. 
When the gear surface 26  rotates by 
0
2M ,
1
2M
and 22M , the pinion surface 16  contacts with it at 
meshing points M0,  M1 and M2 with rotational an-
gles 01M ,
1
1M  and 
2
1M  respectively. Let the cycle of 
pinion meshing be 12 ZS , where Z1 is the tooth nu- 
mber of pinion, and then 1 01 1 1ZM M S   and 
2
1M  
0
1 1Z MS   can be determined. 
At the mean contact point M0, the instantane-
ous transmission ratio is equal to the gear ratio. 
Usually this point is chosen to be in the middle of 
the tooth surface, and its location can be adjusted 
according to design requirements. The rotation an-
gles of the gear 02M  and the pinion at this point 
0
1M ,
can be determined from the location and the mesh-
ing equation at M0.
2.2 Determination of transmission errors 
The transmission error function is represented 
by 
0 0
2 2 2 1 1 1 2( ) ( ) Z ZM M M M MG       (1) 
where Mi  (i=1,2) is the rotation angle of the pinion 
(i=1) or the gear (i=2) in the process of meshing, 
and Zi the tooth number of the pinion (i=1) or the 
gear (i=2).  
The parabolic function of transmission error is 
represented by 
0 2
2 21 1 1
1į ( )
2
M M M m'        (2) 
where 21m'  is the derivative of the transmission ra-
tio.
2M is determined as follows 
0 0 0 21
2 1 1 2 21 1 1
2
1( ) ( )
2
M M M M M M    Z m'
Z
(3)
The rotation angles of gear 12M  and 
2
2M , at the 
meshing points M1 and M2, can be determined from 
Eq.(3).
2.3 Determination of orientation of contact   
path
As the contact path is designed to be a straight 
line, the three meshing points M0, M1 and M2 are on 
it. The meshing equation between the gear surface 
26  and the pinion surface 16  at the contact point 
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M1 should observe 
12 1
g g 2( , , ) 0T I M   fn v           (4) 
where n  and 12v  are the unit normal and the rela-
tive velocity at the meshing point, gT  and gI  repre-
sent the surface coordinates of the gear tooth sur-
face.
Based on the location of the contact point M0
and the given orientation of contact path 2K , the 
location of the contact point  M1 can be determined. 
The location equation of contact point M1 is  
1
g g 2( , , ) 0T I M  g              (5) 
By solving Eqs.(3)-(5), the position vector and 
unit normal of the point M1 at the gear surface 26
can be obtained. The position vector and the unit 
normal of the point M2 at the surface 26  can also be 
determined the same way. 
2.4 Determination of 1 1I  and 
2
 1I
Fig.2 shows the coordinate systems for pinion 
generation. The coordinate systems Sm1, Sc and Sb
are fixed on the machine. The pinion machine root 
angle 1J  determines the orientation of Sb with re-
spect to Sm1. XG1 is the machine center to back for 
generation of pinion; Em1 the blank offset and XB1
the sliding base. The cradle coordinate system Sp
rotates about the Zm1-axis. The angle pI  is the cur-
rent rotation angle of the cradle in the process of 
generation. The coordinate system Sf is connected 
rigid to the pinion head-cutter, which in the process 
of generation performs rotation with the cradle 
(transfer motion) and relative motion with respect to 
Fig.2  Coordinate systems for pinion generation. 
the cradle about the Zf-axis. The movable coordinate 
system S1 is connected rigid to the generated pinion 
and rotates about the Xb-axis. The angle 1I  is the 
current rotation angle of pinion in the process of 
generation.  
1
1I  and 
2
1I  are the rotation angles of pinion in 
the process of generation at points M1 and M2 . By 
transforming the coordinate from S2 to Sc, the unit 
normal cn  of contact points M1 and M2 in system Sc
can be determined. Then by transforming the coor-
dinate from Sf to Sm1, the unit normal m1n  of pin-
ion-cutter-generating surface in Sm1 can be deter-
mined. Since the axis of Sm1 is parallel to the axis of 
Sc, the unit normal of contact point in the system  Sc
is equal to that in the system Sm1.The following 
equation holds true. 
c 1 m1 p p( ) ( )I T I n n             (6) 
from which 11I  and 
2
1I  can be determined. 
2.5 Determination of XG1, Em1, 1pI  and 
2
pI
The position vectors rcf of points M1 and M2 in 
the system Sc can be derived from their position 
vectors on pinion-cutter-generating surfaces by 
transforming the coordinate from Sf to Sc. The posi-
tion vectors rc can be derived from the position vec-
tors of contact points M1 and M2 on the surface 26
by transforming the coordinate from S2 to Sc. rcf and 
rc coincide with each other at the instantaneous 
point of contact M1(M2). The position vector equa-
tion is  
cf G1 m1 p p c( , , , )I  X E sr r         (7) 
As for the points M1 and M2, the position vec-
tor equations, which are equivalent to six inde-
pendent scalar equations with six unknowns, can be 
used to determine the six unknowns: XG1, Em1, 1pI ,
2
pI ,
1
ps and
2
ps . Here 
1
pI  and 
2
pI  are the rotation 
angles of cradle in the process of generating contact 
points M1 and M2.
2.6 Determination of rp, sr1, q1, XB1 and mp1
From the given angle 2K  on the contact path 
26 , and the length of the major axis of the instan-
taneous contact ellipse, the principal curvatures and 
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directions at mean contact point M0 for the pinion 
head-cutter can be determined with the local syn-
thesis. Then the cutter point radius rp can be deter-
mined. Based on the position vectors for the point 
M0 in the systems Sc and Sm1, the machine 
tool-settings sr1, q1 and XB1 can be determined. 
Likewise, based on the unit normal for the point M0
in the system Sc and the equation of meshing be-
tween the pinion head-cutter and the pinion to be 
generated, the cutting ratio mp1 can be determined. 
2.7 Determination of modified roll 
The modified roll means the cutting ratio not 
being constant in the process of generation. The 
rotation angle of the cradle pI  and the rotation an-
gle of the pinion to be generated 1I  are related by 
a polynomial function, usually, of the third order  
2 3
1 p p p
p1
1 ( ) ( )I I I Iª º  ¬ ¼C Dm
       (8) 
where C and D are modified roll coefficients. 
As the rotation angles 1pI  and 
2
pI  of the cradle 
and the rotation angles 11I  and 
2
1I  of the pinion in 
the process of generating points M1 and M2 are all 
known. It is possible to use Eq.(8) to determine the 
modified roll coefficients. 
3 Redesigning Pinion Machine Tool-   
  settings Based on Blank Offset 
If the blank offset, calculated according to Sec-
tion 2, is well beyond the appropriate applicable 
range of the machine, it should be modified[15], and 
the pinion machine tool-settings be redesigned on 
the result acquired in Section 2.  
3.1 Determination of XG1, rp and mp1[16]
Principal directions ( fe , he ) and principal cur-
vatures (kf, kh) of a pinion tooth surface 16  at the 
mean contact point M0 can be determined by local 
synthesis between the gear tooth surface 26  and the 
pinion tooth surface 16 . Then using the meshing 
equation of pinion and head-cutter on the mean con-
tact point M0, the machine center to back XG1 can be 
determined.  
Based on the Rodrigues formula and the condi-
tion of continuous tangency of head-cutter surface 
p6  and pinion tooth surface 16  along the line, the 
following two equations can be obtained[1]
2
12 11 22 a a a (9)
11 23 12 13  a a a a   (10) 
The designations in the equations are identical 
with those in Ref.[1]. 
From Eq.(9), the principal curvatures ks of 
point M0 on the cone surface of the head-cutter can 
be determined while the other principal curvature 
being zero. Then the cutter point radius rp can be 
determined. From Eq.(10), the ratio of pinion roll
mp1 can be determined. 
3.2 Determination of modified roll coefficients 
(1) (2)
p p 1 g g 1h h( , , ) ( , , )T I I T I I r r  (11) 
(1) (2)
p p 1 g g 1h h( , , ) ( , , )T I I T I I n n       (12) 
Eqs.(11)-(12) describe the continuous tangency 
of the pinion and the gear tooth surfaces 16  and 26 ,
the subscripts 1 and 2 denote the pinion tooth sur-
face and the gear tooth surface, respectively. Eq.(11) 
indicates that the position vectors of the point on 16
and the point on 26  coincide at the instantaneous 
contact point in the fixed coordinate system Sh, and 
Eq.(12) that the surface unit normals do at the con-
tact point. 
Eqs.(11)-(12) are equivalent to five independ-
ent scaler equations with five unknowns. The pa-
rameters pT  and pI  represent the surface coordi-
nates of 16 , and gT  and gI  of 26 . The parameter 
1I  denotes the rotation angle of pinion in the proc-
ess of generation at the contact point. 
The rotation angles of gear 12M  and 
2
2M  at the 
contact points M1 and M2 can be determined by 
Eq.(3), and are chosen to be the input in solving 
Eqs.(11)-(12). Then 11I ,
2
1I  and 
1
pI ,
2
pI  can be de-
termined. 
By Eq.(8), the modified roll coefficients C and 
D can be determined.  
The solutions of Eqs.(11)-(12) are not unique. 
Rather, the different solution determines the differ-
ent contact point under the same rotation angle of 
gear 2M . In order to keep the contact point as close 
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to the predesigned contact point as possible, the 
corresponding parameters of the point M1(M2) from 
Section 2 should be chosen as the initial values of 
the five unknowns to solve Eq.(11) and Eq.(12).  
An example is taken to show the influences of 
modification of blank offset on the contact path, of 
which the design parameters are listed in Table 1. 
Fig.3(a) shows the contact pattern designed accord-
ing to Section 2. The contact path is a straight line 
and the blank offset calculated is –27.604 mm. Then 
by assuming the blank offset to be 0 mm, the redes-
ign according to Section 3 is accomplished on the 
base of the first design. Fig.3(b) shows the contact 
pattern.
Table 1 Blank data 
Parameters Pinion Gear 
Number of teeth 23 86 
Module/mm 4.25 4.25 
Mean spiral angle/(º) 25 25 
Hand of spiral LH RH 
Shaft angle/(º) 51.15 51.15
Pitch angle/(º) 10.12 41.03 
Face angle/(º) 10.95 41.40 
Root angle/(º) 9.75 40.20 
Mean cone distance/mm 256.841 256.841 
Face width/mm 43.00 43.00 
Addendum/mm 4.89 2.11 
Dedendum/mm 2.91 5.69 
Clearance/mm 0.80 0.80 
Fig.3  Influences of blank offset on contact path. 
The redesign aims at making the values of 
blank offset within the appropriate applicable range 
of the machine. Since the rotation angles of pinion 
at control meshing points are known, and the corre-
sponding rotation angles of gear can be determined 
from Eq.(3), the modification of blank offset does 
not change the magnitude of transmission errors.  
The nonlinear Eqs.(11) and (12) have multiple solu-
tions. The parameters of control meshing points M1
and M2 calculated in active tooth surface design (see 
Sections 2.3 and 2.5) are used to be the initial val-
ues to solve equations, so the control meshing 
points redesigned can be as close to the corre-
sponding points M1 and M2 as possible. Although 
the redesigned contact path has a very small curva-
ture, it still comes extremely close to the straight- 
line shape resulting from the function-oriented ac-
tive tooth surface design. 
In order to absorb larger errors of misalignment, 
the contact path should be designed to be a straight 
line. On the other hand, the values of blank offset 
depend on the appropriate applicable range of the 
machine. Therefore, the modification of blank offset 
should be within the appropriate applicable range of 
the machine and made to reduce the curvature of the 
contact path as much as possible.
4 Example of Designing Spiral Bevel Gear 
An example of designing a spiral bevel gear 
has been accomplished to illustrate the proposed ap- 
proach. The design parameters are listed in Table 1. 
The concave side of the pinion tooth surface 
and the convex side of the gear tooth surface are 
considered the driving and driven surfaces, respec-
tively. On the working flank, the geometry of the 
transmission error is designed to be of a parabolic 
function; the magnitude of the transmission error is 
8.25", and the predesigned contact path orientation 
is 22º from the root cone. On the non-working flank, 
the magnitude of the transmission error is designed 
to be 11.25" and the predesigned contact path ori-
entation 14º from the root cone. Blank offset is as-
sumed to be 0 mm.  
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Table 2 and Table 3 show the machine tool-set-
tings of the gear and the pinion. 
Table 2 Gear machine tool-settings 
Parameters Values 
Cutter diameter/mm 304.8 
Point width/mm 3.429 
Convex pressure angle/(º) 19 
Concave pressure angle/(º) 21 
Radial setting/mm 236.892 7 
Installment angle/(º) 35.665 6 
Ratio of roll 1.522  956 
Blank offset/mm 0 
Machine center to back/mm 0 
Sliding base/mm –1.6228 
Table 3 Pinion machine tool-settings 
Parameters Concave Convex 
Cutter point diameter/mm 158.687 0 146.689 1 
Pressure angle/(º) 18 22 
Radial distance/mm 253.941 2 218.772 1 
Cradle angle/(º) 35.939 6 36.609 3 
Radio of roll 6.219 099 5.150 680 
Blank offset/mm 0 0 
Machine center to back/mm 18.871 1 –20.206 4 
Sliding base/mm –4.342 8 2.275 0 
Modified roll 2C 0.124 386 –0.146 233 
Modified roll 6D 0.132 223 0.253 422 
The results from tooth contact analysis (TCA) 
are shown in Fig.4, which include the adjusted con-
tact pattern and the obtained function of transmis-
sion errors.  
Fig.4  Contact patterns and transmission errors. 
5 Experimental 
The spiral bevel gear pair designed according 
to Section 4 is processed by the Phoenix 800PG 
grinding machine. The actual tooth surfaces are 
measured on the Mahr’s measurement device. The 
theoretically calculated tooth surface is used as a 
baseline for comparison. Fig.5 compares the tooth 
Fig.5  Deviations of actual tooth surface from theoretical 
tooth surfaces for gear and pinion. 
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topographies, obtained from the mathematical 
model and the data measured on the real manufac-
tured gears[18]. For the gear, the maximum surface 
deviations are 0.015 mm on the convex side and 
0.010 mm on the concave side, and for the pinion, 
the maximum surface deviations are 0.004 mm on 
the convex side and 0.004 mm on the concave side. 
Moreover, the maximum deviations are all located 
far away from the contact area while the deviations 
on the contact area are near zero. Fig.6 and Fig.7 
show the real contact patterns on the working flank 
and the non-working flank, which are quite consis-
tent with the theoretically calculated results. 
(a) Convex gear flank 
(b) Convex pinion flank 
Fig.6  Contact patterns on working flank. 
(a) Convex gear flank
(b) Convex pinion flank
Fig.7  Contact patterns on non-working flank. 
6 Conclusions 
From the computer calculation, simulation and 
experiment, some conclusions can be made as fol-
lows:
(1) The proposed approach to design pinion 
surfaces is based on controlling three meshing 
points. The geometry of transmission errors is de-
signed to be a parabolic function and the magnitude 
can be calculated by derivation of transmission ra-
tio 21m' , an input variable. The contact path is de-
signed to be a straight line and its orientation can be 
adjusted. The magnitude of transmission errors and 
the contact path are designed separately. This pro-
vides a better ground for the further design of the 
transmission errors under loads.  
(2) The values of blank offset can be so modi-
fied as to have no influences on the magnitude of 
transmission error apart from there being few of 
effects on the predesigned straight contact path.  
(3) On the Phoenix grinding machine, a spiral 
bevel gear pair is produced, whose meshing mark 
verifies the computer-calculated and simulation re-
sults.
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